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1. Introduction and Summary
Study of different configurations of branes provides us information about their dynamics
and properties of gauge theories that reside in them. One such an interesting configuration
of space filling intersecting D-branes are D5-branes intersecting over 1 + 1 dimensions [1].
The characteristic property of such a configurations is that they describe chiral theories
in intersection domain. Further, as was observed in [2] there is an interesting symmetry
enhancement where the Poincare symmetry is enhancements from SO(1, 1) to SO(1, 2)
and the number of supersymmetries is doubled 1. In fact, using the standard ideas of
holography one could expect that the dynamics at the 1+1 dimensional intersection of the
two sets of fivebranes should be holographically related to a 2+1 dimensional bulk theory,
with the extra dimension being the radial direction away from the intersection. However as
was nicely shown in [2] the bulk description includes two radial directions away from each
set of fivebranes, and is 3+1 dimensional and hence the corresponding boundary theory is
2+1 dimensional. More precisely, the strong coupling limit of the system is described as a
stack of intersecting NS5-branes. When all the fivebranes are coincident, the near-horizon
geometry is
R2,1 ×Rφ × SU(2)k1 × SU(2)k2 . (1.1)
Here, Rφ is one combination of the radial directions away from the two sets of fivebranes,
and the coordinates of R2,1 are x0, x1 and another combination of the two radial direc-
tions. The two SU(2)s describe the angular three-spheres corresponding to (R4)2345 and
(R4)6789. The fact that (1.1) is an exact solution of the classical string theory equations of
motion allows us to obtain information about the intersecting fivebrane system, which is
not accessible via a gauge theory analysis.
As it is clear from (1.1) the geometry (1.1) exhibits a higher symmetry than the full
brane configuration. In particular, the combination of radial directions away from the
intersection that enters R2,1 appears symmetrically with the other spatial direction, and
1For some relevant works, see [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] .
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the background has a higher Poincare symmetry, ISO(2, 1), than the expected ISO(1, 1)
2.
This background geometry has many unusual properties and certainly deserves better
understanding. The holographic mapping between field theory living on the I-brane inter-
section and the bulk theory were studied in [2]. On the other hand it is also well known
from the study of AdS/CFT correspondence that it is possible to derive information about
the boundary CFT theory from the study of the semiclassical string and D1-brane config-
urations in the bulk of AdS5
3.
These recent developments give us the motivation to investigate semiclassical strings
in I-brane background as well. In this paper we would like to investigate multispin rotating
string and D1-brane solutions, having angular momenta in both three-spheres of I-brane
background. Our goal is to find relation between energy and corresponding conserved
charges. Unfortunately due to the limited amount of information about dual world-volume
I-brane theory we will not be able to compare them with their dual counterparts. On the
other hand we mean that it is useful exercise to study the dynamics of fundamental string
and D1-brane in such a non-trivial background.
In fact, it turns out that the presence of a non-trivial NS two form field has an im-
portant consequences for the dynamics of string or D-brane. Explicitly, in order to find
relation between energy and conserved charges we have to consider situation when string
moves on both spheres S3 simultaneously. Then we find that the dependence of energy on
the conserved charges takes similar form as an ordinary relativistic relation between energy
and momenta with the exception that the conserved charges related to the motion on the
second three-sphere are functions of the charges related to the motion on the first three
sphere.
As the next step we consider the motion of probe D1-brane in I-brane background.
Study of homogeneous configurations of probe Dp-brane in similar background has been
performed in the past in many papers [16, 17, 18, 19, 20, 21, 23, 24, 25, 26, 27, 28, 29,
32, 30, 31] 4 . Our approach can be considered as generalization of this approach when we
study D1-brane with spatial dependent world-sheet modes. We solve equations of motion
and we find explicit time dependence of the radial mode in given background. Surprisingly
if we impose the condition that D1-brane radial velocity is zero we derive conditions that
have the same form as Virasoro conditions in case of the fundamental string. Then we
will be able to find relation between energy and conserved momenta that again has similar
structure as the relation that was derived in case of fundamental string. It would be
certainly interesting to study dual theory living on I-brane and try to find corresponding
states that are dual to the classical fundamental string and D1-brane configurations.
As the possible extension of our work we suggest to study giant magnon and spike
configurations on fundamental string in I-brane background following recent works [34, 35,
36, 37]. We hope to return to this problem in future.
2An important issue is whether this higher symmetry is an exact property of string theory in the
background (1.1), or whether it is broken by quantum effects. This issue was carefully discussed in [2].
3For review, see [13, 14, 15].
4For review and extensive list of references, see [33].
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The organization of this work is as follows. In the next section (2) we review properties
of I-brane background. In section (3) we study the classical string in given background
and we find solutions of the equation of motions. In section (4) we study D1-brane probe
in given background and we find exact solutions of the equation of motion with some
interesting properties.
2. Review of I-brane Background
In this section we review the background studied in work [2]. This background is known as
I-brane background and arises from the configurations of intersecting NS5-branes. Namely,
we consider the intersection of two stack of NS5-branes. We have k1 NS5-branes extended in
(0, 1, 2, 3, 4, 5) directions and the set of k2 NS5-branes extended in (0, 1, 6, 7, 8, 9) directions.
Let us define
y = (x2, x3, x4, x5) ,
z = (x6, x7, x8, x9)
(2.1)
and presume that we have k1 NS5-branes localized at the points z = 0 and k2 NS5-
branes localized at the points y = 0. The supergravity background corresponding to this
configuration takes the form
Φ(z,y) = Φ1(z) + Φ2(y) ,
gµν = ηµν , µ, ν = 0, 1 ,
gαβ = e
2(Φ2−Φ2(∞))δαβ , Hαβγ = −ǫαβγδ∂δΦ2 , α, β, γ, δ = 2, 3, 4, 5 ,
gpq = e
2(Φ1−Φ1(∞))δpq , Hpqr = −ǫpqrs∂sΦ1 , p, q, r, s = 6, 7, 8, 9 ,
(2.2)
where Φ on the first line means the dilaton and where
e2(Φ1−Φ1(∞)) = H1(z) ≡ λ1
r21
, λ1 = k1l
2
s ,
e2(Φ2−Φ2(∞)) = H2(y) ≡ λ2
r22
, λ2 = k2l
2
s ,
(2.3)
where we consider the near horizon limit of given background. Then the metric takes the
form
ds2 = −dt2 + dx21 +
λ1
r21
dr21 +
λ2
r22
dr22 + λ1dΩ
(3)
1 + λ2dΩ
(3)
2 , (2.4)
where dΩ
(3)
1 and dΩ
(3)
2 correspond to the line elements on the unit three sphere in the form
dΩ
(3)
1 = dθ
2
1 + sin
2 θ1dφ
2
1 + cos
2 θ1dψ
2
1 ,
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0 < θ1 <
π
2
, 0 = φ1 , ψ1 < 2π ,
dΩ
(3)
2 = dθ
2
2 + sin
2 θ2dφ
2
2 + cos
2 θ2dψ
2
2 ,
0 < θ2 <
π
2
, 0 = φ2 , ψ2 < 2π .
(2.5)
Finally, we choose the gauge where the non-zero components of NS two form take the form
b
(1)
φ1ψ1
= λ1 cos
2 θ1 , b
(2)
φ2ψ2
= λ2 cos
2 θ2 .
(2.6)
3. Fundamental String in I-brane Background
In this section we study dynamics of fundamental string in I-brane background. Our
starting point is the Polyakov form of the string action in general background
S = − 1
4πα′
∫ pi
−pi
dσdτ [
√−γγαβgMN∂αxM∂βxN − eαβ∂αxM∂βxN bMN ] +
+
1
4π
∫ pi
−pi
dσdτ
√−γRΦ ,
(3.1)
where γαβ is a world-sheet metric, R is its Ricci scalar and eτσ = −ǫστ = 1. Finally, the
modes xM ,M = 0, . . . , 9 parameterize the embedding of the string in given background.
The variation of the action (3.1) with respect to xK implies following equations of motion
− 1
4πα′
√−γγαβ∂KgMN∂αxM∂βxN +
1
2πα′
∂α[
√−γγαβgKM∂βxM ]−
− 1
2πα′
∂α[ǫ
αβ∂βx
MbKM ] +
1
4πα′
ǫαβ∂αx
M∂βx
N∂KbMN +
1
4π
∂KΦ
√−γR = 0 .
(3.2)
Further, the variation of the action with respect to the metric components imply the
constraints
Tαβ ≡ −
4π√−γ
δS
δγαβ
=
1
α′
gMN∂αx
M∂βx
N −Rαβ +
+ (∇α∇βxM )∂MΦ+ (∂αxM∂βxN )∂M∂NΦ−
− 1
2
γαβ
(
1
α′
γγδ∂γx
M∂δx
NgMN −RΦ+ 2∇α∇αΦ
)
.
(3.3)
As the first step we introduce two modes ρ1 and ρ2 defined as
r1 = e
ρ1√
λ1 , r2 = e
ρ2√
λ2 . (3.4)
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In the second step, following [2] we introduce two modes r, y through the relation
Qr =
1√
λ1
ρ1 +
1√
λ2
ρ2 , Qy =
1√
λ2
ρ1 −
1√
λ1
ρ2 , (3.5)
where
Q =
1√
λ
,
1
λ
=
1
λ1
+
1
λ2
. (3.6)
Using these transformations it is easy to see that the dilaton Φ depends on r only
Φ = Φ1 +Φ2 = −Qr +Φ0 ,
(3.7)
where Φ0 ≡ Φ1(∞) + Φ2(∞). With the help of the variables r, y the action for string in
I-brane background takes the form
S = − 1
4πα′
∫ pi
−pi
dσdτ [
√−γγαβ(−∂αt∂βt+ ∂αr∂βr + ∂αy∂βy +
+ gmn∂αx
m∂βx
n)− eαβ∂αxm∂βxnbmn]−
− 1
4π
∫ pi
−pi
dσdτ
√−γRQr ,
(3.8)
where xm label angular coordinates corresponding to S31 , S
3
2 respectively. In the conformal
gauge γαβ = ηαβ the constraints (3.3) that follow from the variation of the action (3.8)
take simpler form
Tσσ =
1
2α′
(−∂σt∂σt− ∂τ t∂τ t+ ∂σr∂σr + ∂τr∂τr + ∂σy∂σy + ∂τy∂τy +
+ gmn∂σx
m∂σx
n + gmn∂τx
m∂τx
n)−Q∂2τ r ,
Tττ =
1
2α′
(−∂σt∂σt− ∂τ t∂τ t+ ∂σr∂σr + ∂τr∂τr + ∂σy∂σy + ∂τy∂τy +
+ gmn∂σx
m∂σx
n + gmn∂τx
m∂τx
n)−Q∂2σr ,
Tτσ =
1
α′
(−∂τ t∂σt+ ∂τ r∂σr + ∂τy∂σy + gmn∂σxm∂τxn)−Q∂σ∂τr .
(3.9)
Looking on the form of the background (2.4) we observe that the action (3.8) is invariant
under following transformations of fields
t′(τ, σ) = t(σ, τ) + ǫt ,
y′(τ, σ) = y(τ, σ) + ǫy ,
ψ′1(τ, σ) = ψ1(τ, σ) + ǫψ1 ,
ψ′2(τ, σ) = ψ2(τ, σ) + ǫψ2 ,
φ′1(τ, σ) = φ1(τ, σ) + ǫφ1 ,
φ′2(τ, σ) = φ2(τ, σ) + ǫφ2 ,
(3.10)
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where ǫt, ǫy, ǫφ1,2 , ǫψ1,2 are constants. Then it is simple task to determine corresponding
conserved charges
Pt =
1
2πα′
∫ pi
−pi
dσ∂τ t , Py = − 1
2πα′
∫ pi
−pi
dσ∂αy ,
Pψ1 = −
1
2πα′
∫ pi
−pi
dσ[gψ1ψ1∂τψ1 + bψ1φ1∂σφ1] ,
Pψ2 = −
1
2πα′
∫ pi
−pi
dσ[gψ2ψ2∂τψ2 + bψ2φ2∂σφ2] ,
Pφ1 = −
1
2πα′
∫ pi
−pi
dσ[gφ1φ1∂τφ1 + bφ1ψ1∂σψ1] ,
Pφ2 = −
1
2πα′
∫ pi
−pi
dσ[gφ2φ2∂τφ2 + bφ2ψ2∂σψ2] .
(3.11)
Note that Pt is related to the energy as Pt = −E.
Our goal is to study the dynamics of string that moves and wraps two spheres S31,2
simultaneously. Explicitly, let us consider following ansatz
r = r(τ), y = y(τ), t = κτ,
θ1 = θ
c
1 ≡ const , ψ1 = ω1τ + n1σ , φ1 = ν1τ +m1σ ,
θ2 = θ
c
2 ≡ const, ψ2 = ω2τ + n2σ , φ2 = ν2τ +m2σ .
(3.12)
Let us now study the equations of motion (3.2) for string moving in the background
(2.4). In conformal gauge the equations of motion for t, y, r take the form
∂α[η
αβ∂βt] = 0 , ∂α[η
αβ∂βr] = 0 , ∂α[η
αβ∂βy] = 0 (3.13)
that we solve as
t = κτ , r = vrτ + r0 , y = vyτ + y0 . (3.14)
Further, the equations of motion for θ1 and θ2 for constant θ’s take the form
λ1 sin θ
c
1 cos θ
c
1
2πα′
[ν21 −m21 − ω21 + n21 + 2ω1m1 − 2ν1n1] = 0 ,
(3.15)
λ2 sin θ
c
2 cos θ
c
2
2πα′
[ν22 −m22 − ω22 + n22 + 2ω2m2 − 2ν2n2] = 0 .
(3.16)
Finally, the equation of motion for φ1 in I-brane background takes the form
1
2πα′
∂α[η
αβgφ1φ1∂βφ1]−
1
2πα′
∂α[ǫ
αβ∂βψ1bφ1ψ1 ] = 0
(3.17)
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that is automatically obeyed for (3.12). In the same way we can show that the equations
of motion for ψ1, φ2, ψ2 are obeyed with the ansatz (3.12). Further, it is easy to see that
for
ω1 = ν1 , m1 = n1 ,
ω2 = ν2 , m2 = n2
(3.18)
the equations of motion (3.15), (3.16) are satisfied as well.
As the next step we are going to analyze Virasoro constraints (3.9). The constraint
Tτσ = 0 implies
λ1 sin
2 θc1ν1m1 + λ1 cos
2 θc1ω1n1 + λ2 sin
2 θc2ν2m2 + λ2 cos
2 θc2ω2n2 = 0 .
(3.19)
If we insert (3.18) into (3.19) we obtain the condition
λ1
λ2
= −ω2m2
ω1m1
(3.20)
that can be solved as
m1 = −m2 , ω2 = λ1
λ2
ω1 . (3.21)
Note that this solution is valid for any constant θc1,2. On the other hand the Virasoro
constraints Tττ = Tσσ = 0 imply
− κ2 + v2r + v2y + λ1(ω21 +m21) + λ2(ω22 +m22) = 0 .
(3.22)
Let us now determine the form of the conserved charges Pt, Py , Pφ1 , Pφ2 , Pψ1 and Pψ2 for
the ansatz (3.12)
Pt =
1
α′
κ , Py = − 1
α′
vy ,
Pψ1 =
λ1
α′
[− cos2 θc1ω1 + cos2 θc1m1] ,
Pψ2 =
λ2
α′
[− cos2 θc2ω2 + cos2 θc2m2] ,
Pφ1 =
λ1
α′
[− sin2 θc1ν1 − cos2 θc1n1] ,
Pφ2 =
λ2
α′
[− sin2 θc2ν1 − cos2 θc2n2] .
(3.23)
Inverting these relations we can express ω1, ω2,m1 andm2 as functions of conserved charges
ω1 = −
α′
λ1
[Pψ1 + Pφ1 ] , m1 =
α′
λ1 cos2 θc1
[Pψ1 sin
2 θc1 − Pφ1 cos2 θc1] ,
ω2 = −
α′
λ1
[Pψ2 + Pφ2 ] , m2 =
α′
λ2 cos2 θc2
[Pψ2 sin
2 θc2 − Pφ2 cos2 θc2] .
(3.24)
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Then using (3.22) we find the dependence of energy on the conserved charges in the form
E2 = P 2r + P
2
y +
1
λ1
(Pψ1 + Pφ1)
2 +
1
λ2
(Pψ2 + Pφ2)
2 +
+
λ1(2πm1)
2
(2πα′)2
+
λ2(2πm2)
2
(2πα′)2
,
(3.25)
where m1 = −m2, Pr is radial momentum 5 and where Pφ2 , Pψ2 are related to Pφ1 and Pψ1
as
Pφ2 =
λ2
λ1
Pφ1(sin
2 θc2 − cos2 θc2) + Pψ1
λ2
λ1
(
sin2 θc2 cos
2 θc1 + cos
2 θc2 sin
2 θc1
cos2 θ1
)
Pψ2 = 2
λ2
λ1
Pφ1 cos
2 θc2 +
λ2
λ1
Pψ1
cos2 θc2
cos2 θc1
(
cos2 θc1 − sin2 θc1
)
.
(3.26)
We see that in spite of the fact that angular momenta are related through the relations
(3.26) the dispersion relation between energy and conserved charges takes rather simple
form. Then it would be really interesting to identify corresponding states in dual I-brane
world-volume theory.
4. D1-brane in I-brane Background
In this section we generalize discussion presented in previous section to the case of D1-
brane that moves in I-brane background. Recall that the dynamics of probe D1-brane in
general background is governed by the action
S = SDBI + SWZ ,
SDBI = −τ1
∫
d2ξe−Φ
√
− detA ,
Aαβ = ∂αx
M∂βx
NgMN + (2πα
′)Fαβ ,
Fαβ = ∂αAβ − ∂βAα − (2πα′)−1bMN∂αxM∂βxN ,
(4.1)
where τ1 =
1
2piα′ is D1-brane tension, ξ
α, α = 0, 1, ξ0 ≡ τ, ξ1 = σ are world-volume coordi-
nates and where Aα is gauge field living on the world-volume of D1-brane.
If we now perform the variation of (4.1) with respect to xM we obtain following equa-
tions of motion for xM
−τ1∂M [e−Φ]
√
− detA
− τ1
2
e−Φ(∂MgKL∂αx
K∂βx
L − ∂MbKL∂αxK∂βxL)
(
A−1
)βα√− detA+
+ τ1∂α[e
−ΦgMN∂βx
N
(
A−1
)βα
S
√
− detA]−
− τ1∂α[e−ΦbMN∂βxN
(
A−1
)βα
A
√
− detA] = 0 .
(4.2)
5Note that the motion of the classical string along radial direction in I-brane background is free when
we impose conformal gauge.
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In the same way the variation of (4.1) with respect to Aα implies following equation of
motion
∂α[e
−Φ (A−1)βα
A
√
− detA] = 0 . (4.3)
Now we concentrate on dynamics of D1-brane in I-brane background and consider ansatz
t = κτ , r = r(τ) , y = y(τ) ,
ψ1 = ω1τ + n1σ , φ1 = ν1τ +m1σ ,
ψ2 = ω2τ + n2σ , φ2 = ν2τ +m2σ
(4.4)
and hence the matrix elements Aαβ take the form
Aττ = −κ2 + r˙2 + y˙2 + λ1 sin2 θ1ν21 + λ1 cos2 θ1ω21 + λ2 sin2 θ2ν22 + λ2 cos2 θ2ω22
Aσσ = λ1 sin
2 θ1m
2
1 + λ2 cos
2 θ1n
2
1 + λ2 sin
2 θ2m
2
2 + λ2 cos
2 θ2n
2
2 ,
Aτσ = λ1 sin
2 θ1ν1m1 + λ1 cos
2 θ1ω1n1 + λ2 sin
2 θ2ν2m2 + λ2 cos
2 θ2ω2n2 −
− λ1 cos2 θ1(ν1n1 − ω1m1)− λ2 cos2 θ2(ν2n2 − ω2m2) + (2πα′)F ,
Aστ = λ1 sin
2 θ1ν1m1 + λ1 cos
2 θ1ω1n1 + λ2 sin
2 θ2ν2m2 + λ2 cos
2 θ2ω2n2 +
+ λ1 cos
2 θ1(ν1n1 − ω1m1) + λ2 cos2 θ2(ν2n2 − ω2m2)− (2πα′)F ,
(4.5)
where F ≡ Fτσ, r˙ = ∂τr, y˙ = ∂τy. Again, it is easy to see that the time dependence of
y is y(τ) = y0 + vyτ .
As the next step we use the fact that (4.3) implies an existence of conserved flux Π
e−Φ(Aτσ)A√− detA = Π . (4.6)
Then, after some algebra, we obtain
√
− detA = 1√
1 + e−2Qrg2sΠ2
[−r˙2Aσσ +M] ,
M = −A′ττAσσ + (Aτσ)S(Aτσ)S , A′ττ = Aττ − r˙2 ,
(4.7)
where A′ττ and M are constants.
In order to find the time dependence of r let us consider the equation of motion for
x0 = t that for the ansatz (4.4) implies an existence of the conserved quantity
e−ΦAσσ√− detA = A , A = const . (4.8)
Then using (4.8) we easily determine the differential equation for r
r˙ =
√
M
Aσσ
− AσσΠ
2
A2
√
1− A
2
σσ
MA2 −A2σσΠ2
e2Qr
g2s
.
(4.9)
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The differential equation given above can be easily integrated and we obtain the result
1
cosh
(
τQ
√
MA2−A2σσΠ2
AσσA2
) =
√
(MA2 −A2σσΠ2)g2s
AσσA2
eQr , (4.10)
where we imposed the initial condition that at time τ0 = 0 D1-brane is localized in its
turning point where r˙ = 0.
As the next step we solve the equations of motion for φ1,2, ψ1,2. For example, let us
consider the ansatz (4.4) in the equation of motion for φ1
∂α[e
−Φgφ1φ1∂βφ1
(
A−1
)βα
S
√
− detA]− ∂α[e−Φbφ1ψ1∂βψ1
(
A−1
)βα
A
√
− detA] =
= ν1∂τ [gφ1φ1
e−ΦAσσ√− detA ] + n1∂τ [bφ1ψ1
e−Φ(Aτσ)A√− detA ] = 0 ,
(4.11)
where in the first step we used the fact that gφ1φ1 is constant for constant θ1, in the second
step the fact that detA is a function of τ only and in the final step (4.8) and (4.6). In the
same way we can show that the equations of motion for ψ1, φ2, ψ2 are satisfied.
Let us now analyze the equations of motion for θ1, θ2. For constant θ1 its equation of
motion takes the form
e−Φ√
1 + e2ΦΠ2
√
−AττAσσ + (Aτσ)S(Aτσ)S
×
×
(
−δAσσ
δθ1
Aττ −Aσσ δAττ
δθ1
+ 2(Aτσ)
S δ(Aτσ)
S
δθ1
)
= 0 . (4.12)
Since Aττ contains r˙ it is manifestly time dependent. Then in order to obey (4.12) we have
to demand that
δAσσ
δθ1
= 2λ1 sin θ1 cos θ1(m
2
1 − n21) = 0 ,
δAττ
δθ1
= 2λ1 sin θ1 cos θ1(ω
2
1 − ν21) = 0 .
(4.13)
We solve these equations by imposing following relations
m1 = n1 , ω1 = ν1 . (4.14)
Then it is easy to see that δAτσ
δθ1
= λ1 sin θ1 cos θ1(ν1m1 − ω1n1) is satisfied for (4.14) as
well. In the same way we derive
m2 = n2 , ω2 = ν2 (4.15)
from the equation of motion for θ2. Then we obtain
M = −κ2 + v2y + λ1(ω21 + n21) + λ2(ω22 + n22) ,
Aσσ = λ1n
2
1 + λ2n
2
2 ,
(Aστ )
S = λ1ω1n1 + λ2ω2n2 .
(4.16)
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As follows from the form of the I-brane background D1-brane possesses following conserved
currents
J αy =
δL
δ∂αy
= −τ1e−Φgyy∂βy
(
A−1
)βα
S
√
− detA ,
J αt =
δL
δ∂αt
= −τ1e−Φgtt∂βt
(
A−1
)βα
S
√
− detA ,
J αφ1 =
δL
δ∂αφ1
= −τ1e−Φ[gφ1φ1∂βφ1
(
A−1
)βα
S
+ bφ1ψ1∂βψ1
(
A−1
)βα
A
]
√
− detA ,
J αφ2 =
δL
δ∂αφ2
= −τ1e−Φ[gφ2φ2∂βφ2
(
A−1
)βα
S
+ bφ2ψ2∂βψ2
(
A−1
)βα
A
]
√
− detA ,
J αψ1 =
δL
δ∂αψ1
= −τ1e−Φ[gψ1ψ1∂βψ1
(
A−1
)βα
S
+ bψ1φ1∂βφ1
(
A−1
)βα
A
]
√
− detA ,
J αψ2 =
δL
δ∂αψ2
= −τ1e−Φ[gψ2ψ2∂βψ2
(
A−1
)βα
S
+ bψ2φ2∂βψ2
(
A−1
)βα
A
]
√
− detA .
(4.17)
These currents are conserved as a consequence of the equation of motion:
∂αJ αx = 0 , x = (t, φ1, φ2, ψ1, ψ2) . (4.18)
Then corresponding conserved charges take the form
Pt =
∫ 2pi
0
dσJ τt , Py =
∫ 2pi
0
dσJ τy ,
Pφ1,2 =
∫ 2pi
0
dσJ τφ1,2 , Pψ1,2 =
∫ 2pi
0
dσJ τψ1,2
(4.19)
that, for the ansatz (4.4) are equal to
Pt = −τ12πκA , Py = τ12πvyA ,
Pφ1 = 2πτ1 sin
2 θ1A
λ1λ2(n2ω1 − ω2n1)n2
λ1n
2
1 + λ2n
2
2
− 2πτ1λ1 cos2 θ1n1Π ,
Pψ1 = 2πτ1 cos
2 θ1A
λ1λ2(n2ω1 − ω2n1)n2
λ1n
2
1 + λ2n
2
2
+ 2πτ1λ1 cos
2 θ1n1Π ,
Pφ2 = −2πτ1 sin2 θ2A
λ1λ2(n2ω1 − ω2n1)n1
λ1n
2
1 + λ2n
2
2
− 2πτ1λ2 cos2 θ2n2Π ,
Pψ2 = −2πτ1 cos2 θ2A
λ1λ2(n2ω1 − ω2n1)n1
λ1n
2
1 + λ2n
2
2
+ 2πτ1λ1 cos
2 θ2n2Π .
(4.20)
The remarkable property of the solution given above is that there is not any relation
between energy and angular momenta. Remember that in case of the fundamental string
an existence of this relation follows from the Virasoro constraints. Interestingly we can
– 11 –
find similar relation when we impose the condition r˙ = 0. In fact, as follows from (4.9)
this situation occurs when
A2(−A′ττAσσ + (Aτσ)S(Aτσ)S)−A2σσΠ2 = 0 .
(4.21)
The equation above can be solved with the ansatz
A′ττ = Aττ = −Aσσ , (Aτσ)S = 0 , Π2 = A2 , (4.22)
where we used the fact that for r˙2 = 0, A′ττ = Aττ . Using these prescriptions we derive
constraints that have similar form as Virasoro constraints for fundamental string.
Further, using (4.22) it is easy to see that the equation of motion for θ1 is solved
with the ansatz (4.14) and the equation of motion for θ2 with the ansatz (4.15). Then the
condition (Aτσ)
S = 0 implies
λ1ω1n1 + λ2n2ω2 = 0 (4.23)
that can be also solved as
ω2 = ω1
λ1
λ2
, n1 = −n2 (4.24)
that has again the same form as the relations derived in previous section. Then, for (4.23)
and for A = Π we obtain
Pt = −τ12πΠκ , Py = τ12πΠvy ,
Pφ1 = 2πτ1Πλ1[sin
2 θ1ω1 − cos2 θ1m1] ,
Pψ1 = 2πτ1Πλ1[cos
2 θ1ω1 + cos
2 θ1m1] ,
Pφ2 = 2πτ1Πλ2[sin
2 θ2ω2 − cos2 θ2m2] ,
Pψ2 = 2πτ1Πλ2[sin
2 θ2ω2 + cos
2 θ2m2] ,
(4.25)
where again ω2,m2 are related to ω1,m1 through the relations (4.24) that allow to express
Pφ2 , Pψ2 as functions of Pφ1 , Pψ1 exactly in the same way as in previous section. Further,
the condition
Aττ +Aσσ = 0 (4.26)
implies
κ2 = v2y + λ1(ω
2
1 + n
2
1) + λ2(ω
2
2 + n
2
2) (4.27)
and hence
E2 = P 2y +
1
λ1
(Pφ1 + Pψ1)
2 + λ1(2πτ1Πn1)
2 +
+
1
λ2
(Pφ2 + Pψ2)
2 + λ2(2πτ1Πn2)
2 .
(4.28)
The relation given above has similar form as the relation that was derived in previous
section for special case Pr = 0. Since Π determines the number of fundamental strings that
– 12 –
propagate on the world-volume of D1-brane we can interpret the solution given above as a
bound state of Π fundamental string and one D1-brane that is localized in radial direction.
It is a great challenge to find corresponding interpretation of this configuration in dual
holographic theory.
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